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Effects of a changing temperature on the nucleation rate

Franco Ruggeri and William A. Friedman
Department of Physics, University of Wisconsin, 1150 University Avenue, Madison, Wisconsin 53706
(Received 4 April 1996

In recent calculations of the nucleation ratéor a metastable material whose temperature is changing in
time, an expression fdr, derived under the assumption of constant temperature, is used. It is argued here that
for a rapidly changing temperature the static temperature expressiéndfmes not hold and that a full time
dependent treatment of nucleation is necessary. The case of pion bubbles forming in quark-gluon plasma is
considered as an examp[&1063-651X96)12209-1

PACS numbeps): 82.60.Nh

[. INTRODUCTION the formalism which we will later apply to the nonadiabatic
case. We follow the work of Becker, Doring, and Zeldovich
There have been a number of recent calculations of phas#escribed in5] instead of the more complicated model of
transition rateg1,3,4] involving the nucleation raté(T) of  Langer[6]. The conclusions reached in this report, however,
critical size drops or bubbles of stable material in a metashould apply to both as the latter is a generalization of the
stable medium whose temperatdres changing with time.  former. The nucleation rate is given by
These calculations make use of expressiong (o), each of
which are derived assuming the temperature and the distri- 9
bution of bubble sizes is independent of tif&6]. In the I(g)=—D(g)N(g)(9—
calculations of phase transition rat€g’) is evaluated at the 9
instantaneous time using the corresponding value o{t). . e I
No information abouT is included in the expression forin W.here Q(g) IS a d|ffu5|on constantN(g) an equn!prlgm
this report we refer to this approach as the adiabatic methodliStribution of drop sizes, ani{g) the actual nonequilibrium
by which we mean that the nucleation rate is calculated as flistribution of drop sizes. Hergis the number of consituent
the system were at the instantaneous temperature indeffarticles in a dropl(g) denotes the difference in the rate of
nitely. The term adiabatic here does not imply that the engrowth ofg—1 size drops intay size drops and the rate of
tropy is being held constant. In Sec. Il a brief summary ofevaporation ofg drops intog—1 drops. A positivel (g) at
the formalism used to calculate the adiabatic nucleation ratg~9, , the critical size, is necessary for nucleation to occur
is presented. and implies a probability flow toward larger size drops. One
In the case of a changing temperature the distribution ofhould note that, D, N, andf are functions of temperature
bubble or drop sizes of stable material in the metastable men addition to drop size. In particular,
dium f(g) the size of the critical bubble, and also the nucle-
ation rate are affected. In this report we investigate the ef- N(g)xexd —AF(g,T)/T]. 2
fects of a changing temperature and discuss the need for a

different approach than the adiabatic method, to obtaim\F is the difference in free energy between a system with a

I(T), for the case of a rapidly changing temperature. Wedrop plus vapor and one with vapor alone. The time depen-
suggest that in the case of a rapidly changing temperature thfance off(g) is governed by

distribution of bubble size§(g) can be quite different from

f%(g), its adiabatic value. In addition, the nucleation rate af(g) al(g)

may also be changed significantly. For the case thas ot W' Q)
small, f(g) should be altered slightly frorfi®(g). A simple

expression for this modification is obtained in Sec. Ill. On w0 oca of a time independéiig), an assumption used
the other hand, iT is large a full time dependent approach to i, the adiabatic casd,(g) is indeper’1dent ofy, ie., is a

nucleation, including the effects of a changing bubble distri--gnstant. One may integraté) from g to G to obtain an

bution, is necessary. An outline of this approach is given inexpression forf°(g), where the superscript 0 dfindicates
Sec. lll. Finally, a short numerical calculation of the effects o+ the system is at constant temperaf@diabatio. G is a
of a changing temperature on the nucleation rate is madg,icy|ar value fog, slightly larger than the critical sizén
using the model of1] which describes the nucleation of pion ) actice about 20% for which the boundary condition
bubbles in an initially cooling quark-gluon vapor. f(G)=0 is imposed. This boundary condition is a require-
ment of the picture of nucleation used in the literature in
which bubbles of siz& are removed from the system and

We first give a brief description of nucleation theory for a replaced with an equal amount of vapor material. After inte-
constant temperatur@diabati¢ system in order to present gration of(1) one finds

f(9)
Wg)} W)

Il. ADIABATIC NUCLEATION
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I -9
fO[g,T(t)]=5exp(—AF/T+AF* IT) =T(9—Tf°(g) (10
% G—0x _ 2 q 4 in (8). This is equivalent to assuming that the time derivative
0—o, ex 27 9% (4) of q relative tod,f°(g) is small. Such an assumption is nec-
essary to ensure that remains small relative t6°(g) for
where long periods of time. One may note that insertiff§g) in

place off(g) on the right-hand sidéRHS) of (8) gives zero
®) by the definition off°(g). Thus

[ PAF
Y=- 0—,_92_

9=0, : d %(g) = J (Daq)+ 19 (D o7AF) 1D
In order to obtain(4) AF(g) appearing inN(g) in the nu- T 9 dg\ dg) Tdg a ag |
merator of(1) is expanded aboutF(g, ). Finally one may _ . .
solve for| by making use of(4) and the condition that A first integration of(11) gives
f(9)/N(g)~1 for g<g, . T G G

The distributionf®(g) is almost identical to the equilib- I ifodg:(iq-}— Equ_F) (12
rium distributon N for small g. For g=g, DJgdT a9~ T a9 /|,

f9(g,)~0.5N(g, ). N then increases fog>g, while f(g)
decreases to O @&=G. In the above calculationG—g, is
assumed to be greater than

When the RHS 0f12) is evaluated aG only the first term
survives becausq(G)=0. We assume that this first term,
the derivative ofg with respect tay, is small atG and may

JAF 1 \12 be neglected. The RHS dfl2) can be expressed as tige
/ ( ) (6) derivative of a single term if one uses

ag? 2T

to allow for the Gaussian integral @) to be evaluated ana- d=Q(g,T)N(g,T), (13

lytically. whereN is given by(2) andQ is to be determined . Equation
(12) can then be solved fd@. This leads to
Ill. EFFECT OF TEMPERATURE
ON THE DISTRIBUTION OF DROP SIZES . (G 1 G g o
. 4= -N@)T [ dg 5| =r%g)dg | 4
In the case that the temperature is changing, 9 (9)Jg
af[g,T(t)] - af(g) Thus one may obtain an approximation ff{rg) and, hence,

11 *0 (1) the correction tof°(g), for the case that the effects of the

changing temperature are smallglfis not small, relative to
and so, according t8), | is not independent of as it is in fo(g), one is alerted to the fact that the full time dependent
the adiabatic case. For a system whose temperature is chargfjuation(8) must be solved.
ing rapidly f(g) may be found from

ot _ [ @]

ot ag| g

1 IV. NUMERICAL CONSIDERATIONS
J
= , (8) In this section we examine the extent to which a changing

temperature affects the results of a calculation of the nucle-

which is obtained by combiningl) and(3). I (g) can then be ation of pion bubbles in a cooling quark-gluon plasma. Such
found using(1). We now consider howf(g) is modified ~an example is considered in Rgt] where an expression for
from its adiabatic valud®(g) in the case that the effects of ! derived under th'e assumption of a constant temperature_, is
the changing temperature are small. The modification give§valuated at the instantaneous temperature of the cooling
an expression for a first order changeftg) for the case of guark-gluon plasma. The work ¢1] is interesting to study
a slowly changing temperature. If the modification term isPecause of the large change of 25%\iR for a critical size
large a full ime dependent treatment of nucleation is necesdrop when T changes by 1 MeV atT=160.5 MeV
sary andf(g) must be obtained fronB). =0.95T.. HereT, is the temperature at which the critical
In the case of small temperature effects one may write radius becomes infinite. One should note tha) is propor-
tional to exp—AF/T) among other factors. Fof =152
f(9)=1%g)+q(g), (9) MeV (0.9T.) AF changes by 11%. Thus it is possible that

) ) i ) for temperatures of about 0.85the effects of the changing
whereq(g) is presumed to be small in magnitude relative t0temperature may be important.

f(g). The boundary condition§(G) =0 Qndf°_(G) are im- In an adiabatic situatio is independent ofy because
posed to be consistent with the pictyfd in which drops of ¢ (4)/5t=0. For a rapidly changing temperature this is not
size G are removed from the system for both the adiabatiGne case. We assume, however, that the effects of the chang-
and nonadiabatic cases. We use the approximation ing temperature are very small, i.e., thiég) is only changed
slightly from its constant temperature value. We then test if

[1(g,)—1(G))/1(G) (15

J 0
Ef(g)wrf (9)
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is small. This is a test of the dependencé oh g rather than 10 r—r
a test of the modification of°(g) due to a rapidly changing I
temperature. Expressidi5) is simpler to evaluate than the
correction(14) to f(g). Expressior(15) and that forg (14), or
however, are closely related as will be shown(15) is small

then the effects of temperature are insignificant and the adia-
batic approach can be used. Otherwise a full time dependent
approach to nucleation, usirid) and(8), is needed. To cal-
culate[1(g,)—1(G)]/1(G) one may integraté3) to obtain

I(g%)-1(&)|/1(G)

G of L
| Sda=—1@)1+1000). (16 ;
g, Ot | [ B

0.86 0.88 0.90 0.92 0.94
T/T,

o

Both sides 0f(16) can be divided byl to give a per cent
change in the nucleation rate. One may note that the integral FIG. 1. The dependence dfon g due to the effects of a de-
on the left-hand sidéLHS) of (16) is present in the expres- creasing temperature.
sion for g (14). It can be shown that if15) is large this
impliesq is large relative td°(g). Assuming that the effects
due to the changing temperature are small one can replaggrge change ifil (g, ) —1(G)]/1(G) indicates that the effect
f(g) in (16) with £°(g) given by (4). We now consider the of the cooling temperature of the quark-gluon medium, is
numerical inputs needed to evalual®). The temperature of |arge. Thus for high temperatures, near T.95the constant
the vapor drops, in a Bjorken modeee[1]), according to  temperature approximation breaks down completely and a
time dependent calculation dfg) (8) is neededl is then
1 evaluated usingl). One should note that the adiabatic result
T(t)=2T (L) 17) for f(g), i.e., f°(g), is obtained under the assumption that
\ 3/8 ' I(g) is independent ofy. This condition does not hold at
0.95T.. ForT=0.87T the value ofI (g, ) — 1 (G)|/1(G) has

wheret, measured in fnw, represents the proper time, i.e., fallen to about 10%. For low temperatures, e.g., 085%he
the time measured in a frame moving with the expandinqeffects of a changing temperature become negligible. At this
vapor, andT.=169 MeV. To evaluatg16) using (4) we  'OW temperature, hoyvever, the critical size o_f the pion bubble
make use of expressions for quantities sucRas AF,and IS SO small that it is questionable, as pointed out[2i,

| provided in[1,2]. HereR is the bubble radius and, the  Whether there is nucleation at all. _

radius of the critical size bubble. Referendds?] do not The fact that the integral on the LHS 616) is large
provide a value for the diffusion constabt An expression relative tol(G), for T near 0.93, implies thatq, given by

for D, however, can be obtained, following the work of (14), is large relative td"(g). Thus not only id (g) strongly

Langer[6]: dependent ong but f(g) is significantly changed from
f9(g). We should point out that we have considered the case
D=Tkly. (18) of f close tof® in our numerical example and found large
effects due to the changing temperature. It is necessary, how-
To evaluatex we use the expression given [ig] ever, to calculate the actufifrom (8) to find the exact effect
of the changing temperature.
1607 (19
K= I R3 (Aw2"
3R, (Aw) V. CONCLUSION
(A different result forx has been proposed {7] but this It is necessary to consider a full time dependent treatment

additional result does not affect the final conclusions of thisof nucleation in a metastable medium whose temperature is
report) When dealing with pion bubbles it is convenient to changing rapidly in time. For the case of smilit is pos-
expressg as a product of the pion density and the bubblesible to find a correction té(T), due to the changing tem-
volume. The pion density then cancels from expres$i@  perature, using14) and (1). We have examined the case of
and all derivatives and integrals can be expressed in terms @fon bubbles forming in a quark-gluon vapor and find that
the variable volume. The volume associated v@ifis taken  the small temperature change modification is not enough for
to be 1.2 times that of, , Fig. 1. T near 0.99,. Thus it appears that one cannot evaluate an
In the model of[1] the quark-gluon medium cools to expression for the nucleation rate, derived under the assump-
0.95T before the nucleation rate becomes appreciable. Thgon of constant temperature, at each instantaneous tempera-
medium then continues to cool to 0 8before beginning to  ture of the cooling quark-gluon plasma. Rather the very dif-
warm due to the energy released in the phase transition frof@rent approach of solving for the drop size distribution
quark-gluon matter to growing pion bubbles. The large value(g) from the time dependent differential equatid8)
for T=0.95T is due to a largel, namely,— 15 MeV/fm/  should be used. The nucleation rate may then be obtained
c), and a large change in expAF/T) of about 50%. A  from (1).
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